Abstract: In this paper, we have studied the kink and antikink solutions in several neutral scalar models in 1+1 dimension. We follow the standard approach to write down the leading order and the second order force between long distance separated kink and antikink. The leading order force is proportional to exponential decay with respect to the distance between the two nearest kinks or antikinks. The second order force have a similar behavior with the larger decay factor, namely 3 2 . We make use of these properties to construct the kink lattice. The dynamics of the kink lattice with leading order force can be identified as ordinary nonperiodic Toda lattice. Also the periodic Toda lattice can be obtained when the number of kink lattice is even. The system of kink lattice with force up to the next order corresponds to a new specific deformation of Toda lattice system. There is no well study on this deformation in the integrable literatures.We found that the deformed Toda system are near integrable system, since the integrability are hindered by high order correction terms. Our work provides a effective theory for kink interactions and a new near or quasi integrable model.
Introduction
Kinks are soliton solutions of scalar field models in 1+1 space-time dimensions. The nondissipative energy density makes kinks to be particle-like objects. The ϕ 4 , ϕ 6 , ϕ 8 and sineGordon kinks are intensively studied for their interactions and scattering theories [1] [2] [3] [4] . Recently, it was found that kink solutions on the world sheet theories of non-Abelian vortices are confined monopoles in the supersymmetric QCD theories [5, 6] . Kinks in the massive sigma model have close relation with certain spin chains [7, 8] . The dynamics of slender monopoles and antimonopoles on the vortex string can be mapped exactly onto the sine-Gordon kink system [9] . These work suggest us that the kink and antikink interactions can truly mimic some dynamics of integrable system.
In this paper, we focus on exploring the relationship between the multikink solutions and integrability models, especially, the Toda lattice system and its deformation. The Toda lattice is a classical integrable system introduced by Morikazu Toda, in [10] . There are many abundant contents in math and physics. The symmetries for Toda have been developed in several articles [11] [12] [13] . In [14] [15] [16] , they discussed about various integrable systems which are related to Lie algebras. More recently, several authors have explored how Lie group and cluster algebra are related to the Toda Lattice system [17] [18] [19] [20] . From physics point of view, the Toda system has been well studied in [21] [22] [23] [24] [25] [26] .
In this paper, firstly, we have constructed multikink solutions in 1+1 dimensional scalar field theory with various self-interaction potentials like ϕ 4 , ϕ 6 and ϕ 8 . After that, we study the force between kinks and antikinks with large enough distance in these theories. Our studies show that these forces seem to be universal, not only for the leading order contribution but also for the higher order corrections. At the leading order, the force is exactly coincident with the one in the nonperiodic Toda lattice, and the number of kinks is the same as the number sites of Toda lattice. For the periodic Toda lattice, the corresponding kink lattice must have integer number of kink and antikink pairs. This is required by the condition of connecting vacua. At the second order of the force, it is only dependent on the quadratic term of scalar potentials which seems also quite universal in cases with potential ϕ 4 , ϕ 6 and ϕ 8 . We also point out how the multikink solutions are related to the Poisson structure and cluster coordinate hidden in Toda system in terms of 2 × 2 representation of Lax pair in Toda system. Especially, we figure out the mapping between the multikink solutions and cluster coordinate which is very helpful to study mathematical structure hidden in the multikink solution. With introducing the second order of the force, the kink lattice corresponds to the deformation of Toda lattice system with additional exponential interaction terms. In the deformed case, we make use of Flaschka's transformation to construct the N × N representation of Lax pair. We discuss that such system is not integrable but near or quasi integrable models. The deformed periodic Toda lattice is also presented.
An overview of the paper is as follows. In section 2, we firstly construct the kink and antikink solution in the 1+1 dimension scalar field with ϕ 4 , ϕ 6 and ϕ 8 potentials, respectively. We make use of these solutions to calculate the leading order and second order force between the kink and antikink in these theories. In terms of the force formula, we can construct ϕ 4 , ϕ 6 and ϕ 8 kink lattices, which are isomorphic to the nonperiodic Toda lattice system. In section 3, we review various Toda lattice system and relevant Lax pair representations. We can exactly map the leading order kink lattice to the Toda lattice system. In section 4, we take the second order force into account and claim the kink lattice with the second order force corresponds to one kind of deformed Toda lattice. We make use of Flaschka transformations to construct the Lax pair representation of the deformed Toda lattice. The deformed Toda lattice is near integrable or quasi integrable system. In section 5, we summarize and discuss our main results in this paper. The appendix will devote to conventions in A N Lie algebra which is associated with affine A N Toda chain.
The Force between Kink and Antikink
The force between kink and antikink can be calculated in an analytical way [1] . We start with the ϕ 4 theory as an illustration, and show that the force has a universal formula also in the ϕ 6 and ϕ 8 case.
ϕ 4 Case
We consider the 1 + 1 dimension Lagrangian for the ϕ 4 kink. The Lagrangian reads
where µ = 0, 1 and V (ϕ) = λ(ϕ 2 − v 2 ) 2 denotes the potential. The Euler-Lagrange (EL) equation is written asφ
For the static situation, the energy of the system is given by
3) the equal sign stands for the Bogomol'nyi bound. The BPS equation for the kink is written as
The kink solution must interpolate between different vacua. Here, we define (ϕ −∞ , ϕ ∞ ) = (−v, v) as the kink, and (v, −v) as the antikink. The kink solution can be written as 5) where x 01 denotes the central position of the kink. The antikink solution can be obtained by replacing x to −x. For obtain the static force, we first present the definition of the momentum. The momentum of the system can be calculated by the definition of the energy-momentum tensor, which is written as 1
Here Φ is the generic field ϕ in eq.(2.1), which also depends on time. The integration from −∞ to b denotes total momentum in this regime. Correspondingly, the force on the range (−∞, b] is the derived by
where the eq. (2.2) is used. We don't consider the static condition up to this step. Secondly, we calculate the static force between the kink and the antikink. We set Φ = ϕ 1 + ϕ 2 − v, where ϕ 1 and ϕ 2 denote the static kink and antikink solutions at position x 01 1 The momentum tensor is defined as Tµν = δL δ∂µφ ∂ν φ − gµν L. and x 02 , respectively. We set R = x 02 − x 01 > 0 to be large but not infinite. In order to study the static force experienced by the kink at position x 01 , we set b to be the center of the pair, i.e., b = 1 2 (x 01 + x 02 ). At −∞, both ϕ 1 and ϕ 2 approach the vacuum, and their derivatives are zero. So, the force is related only to the pressure at b. With large distance approximations |x − x 01 | ≫ 1, |x − x 02 | ≫ 1, the asymptotic formula of ϕ 1 and ϕ 2 are given by
The formula are valid at the first order of e −2 √ 2λvR . We set ∆ = ϕ 2 − v, then Φ = ϕ 1 + ∆.
For the static configuration, the first termΦ 2 in eq. (2.7) can be omitted. Then, the force F can be expand according to ∆, which is written as
Substituting the asymptotic formula of ϕ into the force F , we obtain that
The positive value of the force means that the kink at x 01 is attracted by the anti-kink at position x 02 which is consistent with the force shown in ϕ 4 kinks [1] . Inversely, the antikink must be attracted by the kink. The procedure to obtain the force above can be applied to any kink and antikink pairs. Although the coefficients may be different for different kinds of kinks, the forces are all belong to the exponential decay pattern. We can also arrange the pairs to form the one dimensional kink lattices. We choose to use the antikink as the first site at x 1 in order to match the familiar Hamilton equations for Toda lattice. Secondly, we set a kink at x 2 on the right side of x 1 . The distance between them is R = x 2 − x 1 . Then, we set an antikink at x 3 and kink at x 4 , and so on. All of them have the equal distance R. Besides the first and the last one, all of them are attracted by their neighbours. For instance, we consider the force on kink at x 2 . Its momentum is given by to simplify our later analysis. Thus, one obtains dp
which describes the force from its neighbor kinks. This indicates that the interaction of the kink antikink system is just the Toda lattice [1] at the leading order. The kink lattice can be constructed as [2] Φ
where the odd i denotes the kink, while the even i denotes the antikink. N is the number of sites of the kink lattice.
Second Order Force
We calculate the force by considering only the first leading order above. The second order correction to the force is also interesting. The kink antikink configuration is expressed by Φ = ϕ 1 + ϕ 2 − v c , where v c is the vacuum at the center of the pair. We consider the ∆ = ϕ 2 − v c as the perturbation. From eq.(2.7), the force expanded up to the second order is written as
where we used the static EL equation
The formule of ϕ 1 and ∆ with second order correction can be approximated as
. One can check easily that m ϕ 1 ≈m. Substituting eq.(2.15) into F in (2.14), one obtains that
where dots denote the higher order corrections. The second order correction is the second term above, which means the corrected force is attractive. With the normalizationm = 1 and
, one obtains F = e −R − 4e
R . Along the kink lattice, the second soliton experiences the following force dp 2 dt = −e q 1 −q 2 + e q 2 −q 3 + 4e
One can write all the forces experienced by the solitons in the subsequent lattice.
ϕ 6 Case
The Lagrangian for the ϕ 6 model reads [3, 27] 
Three vacua exist for constructing the kink solution. For the boundary (−∞, ∞) = (0, 1), the kink solution is given by ϕ (0,1) = ϕ 1 = (1 + tanh x)/2. Its antikink ϕ (1,0) = ϕ 2 is obtained by the reflection x → −x. Now we arrange the kink and antikink at x 01 and x 02 positions, respectively. The inter force between them can be calculated following the procedure above. First, the asymptotic formula of ϕ 1 and ϕ 2 at x = (x 01 + x 02 )/2 are given by 19) respectively. The internal force between them is calculated to be
This force agrees with the normalized force in the ϕ 4 case. The inter forces between kink and its antikink with different vacua can also be obtained in the same way. The second order correction to the force can be calculated similarly, which is expressed as
where higher order corrections are omitted. Note that the coefficients of the second order agrees with the ϕ 4 case.
ϕ 8 Case
Now we consider the ϕ 8 kink case [4] . The Lagrangian is given by
Four vacua are given by ±v 1 , ±v 2 . First, we consider the force between ϕ (−v 1 ,v 1 ) = ϕ 1 and
The kink solution satisfies
where
Setting ϕ 1 and ϕ 2 at position x 01 and x 02 , respectively. At the center of them, the asymptotic formule are written as
respectively. The inter force between ϕ 1 and ϕ 2 is calculated to be
Consider the second order correction, the force becomes
Secondly, we consider another kind of ϕ 8 kink solution. The kink interpolating between −v 1 and −v 2 is denoted as ϕ 3 . Its solution satisfies
Consider ϕ 3 at position x 03 , and its anti company ϕ 4 at position x 04 , respectively. The inter force between them is calculated to be
We notice that this force is the same with that between ϕ 1 and ϕ 2 in Equation (2.25). Now we consider the inter force between two different kinds of kink. Suppose that a kink of ϕ (−v 2 ,−v 1 ) = ϕ 5 is at position x 01 , while a kink of ϕ (−v 1 ,v 1 ) = ϕ 06 sits at x 02 . These multiple kink solution can be written as ϕ = ϕ 5 + ϕ 6 + v 1 . The asymptotic form of ϕ 5 and ϕ 6 are given by
29) 30) respectively. The inter force between them are given by
The minus sign of this force means that the ϕ 5 kink experiences an expelling effect from ϕ 6 . This is quite different with the force between kink and antikink, which is always attractive. We can also take use of ϕ 5 and ϕ 6 kinks to construct the kink lattice. The corresponding potential in the Hamiltonian only changes a sign. However, the vacua of different kinks must be correctly connected along the kink lattice. More kinds of kinks interaction will lead to the inhomogeneous Toda lattice, which will be studied in future.
To close this section, we comment on the leading order and second order force between kinks. We can find that the leading and second order forces are not sensitive to the scalar potential in 1+1 dimensional field theory with ϕ 4 , ϕ 6 and ϕ 8 scalar potentials. The force just only involves in the mass of the scalar, and the higher power scalar self-interactions do not make contributions to the force in terms of current study. One main reason is that we just take use of large distance between kinks as approximation to obtain the force. In this approximation, the mass term will be dominant in contributing to the force. Further, the second order correction to the force is proportional to e − 3 2 m|distance| and has a reverse direction against the leading order. Some resonance phenomena in kink collisions may be caused by the high order corrections. One can see that factor 3 2 is quite independent on the scalar potential. In the second order force, one more thing is that the coefficient of e
m|distance| will depends on the potential parameter. Other kink theories can be tested to see whether the coefficients of high order corrections are universal or not. Finally, we can construct long distance kink lattice and identify this lattice to be the nonperiodic Toda lattice. We can also find the new classical near integrable model which corresponds to one specific deformation of Toda spin chain system. direction, which forms the kink lattice. For A (1) N Toda lattices [28] , the Hamiltonian is written as
The periodic A
N Toda lattices which corresponds to the root systems of affine algebras [28] . The equations of motion of the periodic Toda lattice with N sites reads [29] [30] [31] [32] 
where q i and p i denote the position and momentum for each lattice, respectively. The periodic boundary conditions for lattice are p i+N = p i , q i+N = q i . There are exactly N conservation laws in the SU (N ) Toda lattice system. These conservation quantities can be exactly constructed from the Lax operator.
In this section, we would like to present two different Lax representations to describe the periodic Toda lattice. Basing on these representations, one can find the dictionary between the Toda lattice and the kink lattice system. The Lax operator has been well studied in the integrable literature. In the first representation, the Lax operator is given by the N × N matrix depending on dynamical variables q i and p j ,
The characteristic equation for the Lax matrix can be defined as
and the corresponding spectral curve is written as following 6) where P N (λ) is a polynomial of degree N . The spectral curve (3.6) can be also put into the following form
The second Lax representation appeals to introduce the local operators at each site of the chain
This Lax operator makes a shift to the neighbour site and transform to be
where Ψ i (λ) is often called by the two-component Baker-Akhiezer function. The periodic boundary conditions can be formulated as
where w is a free parameter. One can also introduce the transfer matrix that shifts i to i + N , i.e.,
The periodic boundary conditions indicate that T (λ)Ψ i (λ) = wΨ i (λ). Thus, one has
The spectrum curve in terms of second representation of Lax operator is the same as the one in first representation of lax operator
That also means the two different Lax representations are equivalent.
In the previous section, we have construct the kink lattice and we find that the leading order interaction potential between neighborhood two lattices in large distance approximation is the same as the Toda potential in 1+1 scalar field theory. Therefore, we can directly use the kink lattice system to construct the SU (N ) Toda chain system approximately. The positions and momentums of the kinks and antikinks can be directly mapped to the dynamical variables q i and p i , respectively. Both the periodic and nonperiodic Toda chains can be constructed. All details are given in section 5.
In [17] [18], the author had discussed the Poisson structures on Lie groups A N and proposed an obvious construction of the integrable models on their corresponding Poisson submanifolds. Recently, [19] extended the construction of the relativistic Toda chains as integrable systems on the Poisson submanifolds in Lie groups beyond the case of the A series. They introduce the cluster structure on the Poisson submanifolds in Lie groups, which should be related to our building block 2 × 2 representation of periodic A 1 Toda chain. The main motivation here is to review that the modular parameters can be interpreted as the cluster variables or Darboux coordinates in corresponding Poisson submanifolds in Lie group A 1 explicitly.
In the simply-laced Lie group G, the Poisson quivers of the Toda symplectic leaves in G/AdH can be drawn just by "blowup" of the corresponding Dynkin diagrams. In [17] , the coordinates on the corresponding leaf and the Poisson structure is defined in this coordinates by
(3.14)
for g = A N −1 , where C g ij is the corresponding Cartan matrix (e.g. for A N −1 it can be explicitly written in the form of (A.3) ).
For loop group of A N −1 , authors [17] shown that the Lax pair representation is defined through the following way
( 3.15) where (one can see the Appendix A)
For generic SL(N ) Toda system, the 2 × 2 representation of Lax pair [17] can be expressed by
One can introduce transformation variables to rewrite eq.(3.17), i.e.,
So, the Poisson brackets in eq.(3.14) can be expressed by
The coordinates and momenta {q i , p j } = δ ij for eq.(3.19) are introduced by
The Ξ-operators in (3.17) can be rewritten as
One can get the product of the matrices
In the context of 2 × 2 formalism, the Lax matrix (3.22) turns the algebraic limit (roughly speaking: linear in momenta, exponentiated co-ordinates and ζ, as well as λ = i exp(ζ/2)), into
From the (3.23), we can obtain the 2 × 2 representation eq.(3.9) of Lax pair representation in the algebraic limit [17] . In this subsection, one can easily see how these dynamical quantities p i and q j in Toda system are associated with cluster coordinates or Darboux coordinates explicitly. One can also obtain p i and q j in multiple kink solution can be map to cluster coordinates which are associated with Poisson structure. Here, we just find the coincident and it will be nice to explore the more deeper understanding in our future work.
Flaschka's Transformation for A N Toda Chain
In this section, we will review Flaschka's transformation in Toda lattice. We will make use of this transformation to study one kind of deformation of Toda lattice. The equation of motion for A N Toda lattice is described by the equation (3.1). In this system, the symplectic bracket defined in R 2N is given by
One can make use of Flaschka's transformation 2 to obtain the N × N Lax pair representation
(q i −q i+1 ) , i = 1, 2, . . . , N − 1
The dynamical system (3.3) transforms to bė 4) and the B is corresponding to the skew-symmetric part of L, which is given by
The Lax pair L has the property that its eigenvalues are invariant over time and therefore the conserved charges H i = 1 i trL i are constants of motion for the Toda lattice. There exists a bracket in Flaschka's coordinates which comes from equations 6) and all other brackets are zero. One should note that we here imposed periodic boundary condition mentioned above. The function
gives equations (4.3). The functions H 2 , . . . , H N ensure the integrability of the system. They are independent and in involution (i.e., {H i , H j } = 0).
Lax Pair for Deformed Toda Chain
In this section we will present the Lax pairs for both the nonperiodic and periodic deformed Toda lattice, respectively. First, we present the nonperiodic case. The Hamiltonian for N sites of kink lattice can be written as
where the second term in the summation is corresponding to deformation of Toda system. The dynamics of the ith site is given bẏ
2)
3)
Now we use the Flaschka's transformation to construct the Lax pair. First, we assume that the L matrix still has the fomula in eq. (4.4) . Since the deformed dynamics should go back to the Toda chain dynamics without the second order force. However, the expression of a i and b i should be changed. The conserved quantities are given by H i = 1 i L i . For i = 1 and i = 2, the momentum and energy of the system are conserved. So, we choose b i = p i to satisfy the conserved law. Then, ansatz for a i needs to be given. From eq.(4.2), we guess that 
And the solution of c i is given by
We find that the validity of the Lax pair needs the constraint that c i+1 a i − c i a i+1 , which is the
, should be zero. If we keeping only the leading order interaction, this constraint is satisfied. However, the constraint are not satisfied when high order exponential terms are included. The component (c i a i+1 − a i c i+1 ) are high order interaction correction. This indicates that the kink lattice is not exact but "near" integrable. For the only two sites case, the deformed Toda theory are exact integrable, since there are no constraint condition anymore. The kink lattice with more high order corrections are studied in another work in preparation [33] . The conserved quantities is obtained as
We give several examples for illustration. For N = 2 case, we have the momentum and energy conservation laws, i.e.,
13)
H 2 is exact the Hamiltonian. The N = 3 case is the first "near" integrable case, we would like to study such system for illustration. Although this case is not exact integral, it deserves to be studied. One can obtain three integrals of motion in the following 
where a 1 and a 2 are expressed in eq.(5.5). We also calculate the time derivative of the third conserved quantity, and find that
The last equation indicates us that H 3 is not a conserved quantity. This means that there is perturbation for the "near" integrable system. Secondly, we construct the periodic deformed Toda lattice from the kink lattice. The Hamiltonian for the kink lattice can be given by
In order to obtain the interaction between the first and the N th site, we must glue the head and the tail of the kink lattice with N sites. In order to correctly connect them, the left vacuum of the first site must agrees with the right vacuum of the N th site. Thus, only kink and antikink can be connected. This put a constraint that the number of sites for periodic kink lattice must be an even integer. Thus, the kink lattice can only represent periodic Toda lattice with even number sites. The Lax matrix for the periodic deformed Toda lattice can be written as 
Conclusions and Discussions
In this paper, we have studied the kink and antikink solutions in 1+1 scalar field theories with various scalar potentials. In these theories, we figure out the general formula for the force between kinks and antikinks. The force shows some universal property up to the second order interactions. The leading order of the force is proportional to e −|q i −q i+1 | , where q i are positions of the kinks in the spatial direction. Motivated by the exponential form of the force, we construct the kink lattice, in which the nearest neighborhood positions are always occupied by a kink and antikink. If the distance between neighbors is large enough, the kink lattice can be exactly regarded as the N sites Toda lattice system. Both periodic and nonperiodic Toda lattices can be constructed. For periodic kink lattice, there should be pairs of kink and antikink on the lattice. The boundary conditions are the same for both the kink and the Toda lattices. We make use of 2 × 2 representation of Lax pair in Toda chain system to find the connection between q i , p i in the kink lattice and cluster coordinates in Toda chain system. Further, we have studied the second order interaction between kink and antikinks, which are shown to be proportional to 4e (|q i −q i+1 |) . The different direction of the first and the second order forces may be related to the resonance phenomena in kink scattering tests. The kink lattice with the second order interaction must correspond to the deformed Toda chain system. To study its integrability, one should construct the Lax pair representation of the deformed Toda system, or find the finite conserved charges. By using the Flaschka's transformation, we find a Lax representation for the model. However, the high order correction term ruin the integrability of the system. Thus, the kink lattice is not an integrable but an near or quasi integrable system [38, 39] . Since our kink solutions are based the 1+1 dimension theories, which can be studied by the quasi-integrable analysis method. Our study may also be applied to domain walls in literatures directly [34] . In SQCD, the kink solutions on the non-Abelian vortex string are the confined monopoles [5, 6, 35] . These kinks are solutions of massive sigma model, which is the low energy theory of the non-Abelian vortices. The static forces between them can be repulsive [9] . One can expect a non-homogeneous deformed Toda chain from the generic massive sigma model. The inter force between non-Abelian kinks may have contributions from the orientational modes [36, 37] . The Toda system from such nonAbelian solitons deserve future studies. In summary, the kink lattice is a well representation of the deformed Toda chain system. The correspondence between them will enable us to explore their properties in a reciprocal manner.
For generic Lie groups,
and Cartan matrix is not symmetric for the non-simply-laced cases. In those cases, roots have different lengths and d i = 1 2 (α i , α i ) are not unities. Instead of the Cartan matrix, for the non-simply-laced groups, defined as
The dual vectors
are the highest weights of the fundamental representations. In this paper, we just only consider sl(N ) case. For other Lie groups, one need introduce special boundary conditions to find corresponding kink lattices which will be studied in the future.
